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Preface 
This brief article dates back to 1979. It had been accepted for publication in Ars 
Combinatoria when the authors learned from J.I. Hall that the result was in fact sub- 
sumed by a theorem of W.M. Kantor. 
In reply to a letter I sent him about this, Paul Erd6s wrote (in part): 
1979 XI 26 
Dear Adrian, 
I just received the copy of your letter of Nov 8 - -  it is too bad that Kantor antici- 
pated us - -  but it is very good that you discovered it before we 
published. 
Kind regards to all, au revoir 
E.P. 
In the intervening years, it has become apparent that this particular case of Kantor's 
theorem, with its attractive statement and simple proof, is not as widely known as 
perhaps it merits. For this reason, Erd6s proposed to me in the Spring of 1996 that 
we resubmit he article for publication. At the graph theory meeting in Kalamazoo in 
June 1996, we reviewed the file on the paper, including the letter quoted above. Paul 
reiterated his desire to see the paper published, suggesting the Electronic Journal of 
Combinatorics as a suitable vehicle. To Siemion Fajtlowicz and myself, the preparation 
of a special issue of Discrete Mathematics devoted to unpublished work of Paul Erdfs 
seems an ideal occasion to honour this wish. 
It should be noted in passing that significant progress has since been made on the 
extremal problem for 4-circuits discussed at the end of our paper (see Z. Ffiredi, On 
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the number of edges of quadrilateral-free graphs, J. Combin. Theory Ser. B 68 (1996) 
1-6). 
Adrian Bondy 
Villeurbanne 
July 1997 
Abstract 
We characterize the simple finite graphs with diameter two and no 4-circuits by showing that 
every such graph falls into one of three well-defined classes. (~) 1999 Elsevier Science B.V. 
All rights reserved 
Probably the best-known examples of graphs with diameter two and no 4-circuits are 
the Moore graphs of diameter two (the regular simple graphs with diameter two and 
girth five). Only three such graphs are known (the 5-circuit, the Petersen graph, and 
the Hoffman-Singleton graph) and it was proved by Hoffman and Singleton [4] that 
no other Moore graph of diameter two can exist except, possibly, one of degree 57 on 
3250 vertices. 
Another interesting family of examples can be constructed from finite projective 
planes with polarities. Let P be a finite projective plane, and let n be a polarity of 
P (a one-to-one mapping of points onto lines such that q E re(p) whenever p E n(q)). 
The polarity graph G(P,n) is the graph whose vertex set is the set of points of P 
and whose edge set is {pq: p E n (q) ,p¢q}.  This graph, by definition, is simple. It 
has diameter two and no 4-circuits because, in a projective plane, any two lines meet 
in exactly one point. If P has order m, then G(P, n) has m 2 + m + 1 vertices. Those 
vertices of G(P, n) which are absolute points of n (points p such that p E n(p)) have 
degree m, the remaining vertices having degree m + 1. Thus, by a theorem of Baer [1], 
the number of vertices of degree m in G(P, g) is at least m + 1. Polarity graphs with 
precisely m + 1 vertices of degree m were first constructed by Brown [2] and Erd6s, 
R6nyi and S6s [3] as examples of graphs with no 4-circuits but many edges. 
A third, rather trivial family of examples consists of the stars KI, m and the graphs 
derived from them by joining some of the vertices of degree one in pairs. 
The following theorem shows that every graph with diameter two and no 4-circuit 
belongs to one of the above families. We denote the number of vertices of G by n, 
its maximum degree by A, and its complement by G c. 
Theorem. Let G be a simple graph with diameter two and no 4-circuit. Then one of 
the following is true: 
(a) 3 =n-  1; 
(b) G is a Moore graph; 
(c) G is a polarity graph. 
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Proof. We consider three cases. 
Case 1: G c disconnected. Since G contains no 4-circuit, at most one component 
of  G c can include more than one vertex. Thus A = n - 1. 
Case 2: G c connected, and no vertex of deoree A lies on a trianole. We first prove 
(i) if xy  ~ E and d(x) = A, then d(y) = A. 
Let x and y satisfy the hypotheses of  (i), and let z denote the common neighbour 
of  x and y. Since G contains no 4-circuit, no other neighbour of x is adjacent o y. 
Thus, for each neighbour xi of  x other than z, there is a unique vertex y~ adjacent o 
both xi and y. Since x lies on no triangle, yi ~ z. Moreover, yi ~ yj if xi ~ X J, since 
otherwise G would contain the 4-circuit xxzy~xjx. Therefore y has at least as many 
neighbours as x, and (i) follows. 
Because G c is connected, we deduce from (i) that G is A-regular. Moreover, because 
no vertex of  degree A lies on a triangle, G contains no triangle. However, G contains at 
least one circuit, otherwise G would be a forest of  diameter two, hence a star, contra- 
dicting the hypothesis that G c is connected. Being triangle-free of  diameter two, G must 
have girth five, so is a Moore graph. 
Case 3: G c connected, and some vertex of  degree A lies on a trianyle. We prove 
(ii) if xyzx is a triangle in G, then d(x)= d(y )= d(z). 
It suffices to show that d(x) - -d(y) .  As in the proof of  (i), for each neighbour xi ofx  
other than y or z, there is a unique vertex yi adjacent o both xi and y. Since G contains 
no 4-circuit, yi ~ z, and for the same reason Yi ~ yj if xi ~ xj. Therefore y has at least 
as many neighbours as x. By symmetry, x has at least as many neighbours as y. Thus 
d(x) = d(y), and (ii) is proved. 
Consider a triangle xyzx in G, with d(x)= d(y )= d(z )= d. Denote the sets of neigh- 
bours of  x, y and z not on this triangle by X, Y and Z, respectively. Note that X, Y 
and Z are pairwise-disjoint because G contains no 4-circuit, and that 
Ixl = Ir l  = IZl =d-  2. 
Let W be the set of  remaining vertices of  G. Each vertex w of W is adjacent o exactly 
one vertex of  X (because w and x, being nonadjacent, have exactly one common 
neighbour) and exactly one vertex of  Y. On the other hand, if xi E X and yj E Y, then 
xi and £j have a unique common neighbour wij E W. It follows that 
IwI = Ixl lYI =(d  - 2) 2 
and so 
n=(d  - 2) 2 q- 3(d - 2) + 3 =d 2 - d + 1. 
But this implies that d is independent of  the particular triangle chosen. Since, by 
hypothesis, some vertex of  degree A lies on a triangle, we have d = A. Thus 
n=A2-A+I .  (1) 
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We have proved, moreover, that 
(iii) if xy is an edge belonging to a triangle, d(x)= d(y )= A. 
We next prove 
(iv) i f  xy is an edge belonging to no triangle, {d(x) ,d (y )}  = {A - 1, A}. 
Suppose that the edge xy lies in no triangle. Denote the neighbours of x and y not 
on this edge by X and Y, respectively, and let W be the set of remaining vertices 
of G. Then X and Y are disjoint, with 
IX [=d(x) - I  and [Y [=d(y) -  1. 
Arguing as above, we obtain 
and 
lwI = IxIIYI = (d(x ) -  1 ) (d (y ) -  1) 
n = (d(x) - 1 ) (d(y)  - 1) + d(x) + d(y)  = d(x)d(y)  + 1. (2) 
Equations (1) and (2) now imply that d(x)d(y )=A 2 -A .  Since A is the maximum 
degree in G, (iv) holds. 
By (iii) and (iv), each vertex of G has degree A - 1 or A. We can now form a 
projective plane P from G as follows: the points of P are the vertices of G, and the 
lines of P are the sets L(v), v E V(G), defined by 
N(v) if d(v) = A, 
L(v) := N(v )U{v} if d(v)=A-1 ,  
where N(v)  denotes the neighbour set of v. That P is indeed a projective plane, follows 
immediately from (iii) and (iv). Moreover, the mapping n defined by l t (v)=L(v) ,  
v E V(G), is clearly a polarity of P, and we have G = G(P, re). Thus G is a polarity 
graph. [] 
The above theorem can be regarded as a generalization of the Friendship Theorem 
[3, Theorem 6] characterizing the graphs in which any two distinct vertices have a 
unique common neighbour. 
It also raises hopes that the extremal problem for 4-circuits (see [2] or [3]) can be 
completely settled. In fact, since any maximal graph G with at least four vertices and 
no 4-circuit has diameter either two or three, a similar characterization theorem for 
graphs of diameter three with no 4-circuit would not only resolve this question but 
also provide a description of all maximal graphs without 4-circuits. 
The Moore geometries treated by Kantor [5] are the graphs in which any two non- 
adjacent vertices have exactly one common neighbour. Theorem 3.2 of [5] states that 
any such graph is either strongly regular or else a graph whose vertex degrees take 
on just two values and whose maximal cliques are of two sizes. If, in addition, adja- 
cent vertices have at most one common neighbour, such graphs contain no 4-circuit, 
and hence no 4-clique. In this case, the strongly regular ones are precisely the Moore 
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graphs of diameter two, while the biregular ones are (by Proposition 3.5 of [5], due 
to W. Bridges) the polarity graphs. 
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